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ON ARITHMETIC MACAULAYFICATION
OF NOETHERIAN RINGS

TAKESI KAWASAKI

ABSTRACT. The Rees algebra is the homogeneous coordinate ring of a blowing-
up. The present paper gives a necessary and sufficient condition for a Noe-
therian local ring to have a Cohen-Macaulay Rees algebra: A Noetherian local
ring has a Cohen-Macaulay Rees algebra if and only if it is unmixed and all the
formal fibers of it are Cohen-Macaulay. As a consequence of it, we characterize
a homomorphic image of a Cohen-Macaulay local ring. For non-local rings,
this paper gives only a sufficient condition. By using it, however, we obtain the
affirmative answer to Sharp’s conjecture. That is, a Noetherian ring having a
dualizing complex is a homomorphic image of a finite-dimensional Gorenstein
ring.

1. INTRODUCTION

Let A be a commutative ring with identity and b an ideal in A. The Rees algebra
of b is the graded ring

R(b) = (POT)",
n>0

where T' is an indeterminate. We often regard R(b) as an A-subalgebra A[bT] of
the polynomial ring A[T]. The Rees algebra is an important object of Algebraic
Geometry and Commutative Algebra because the canonical morphism Proj R(b) —
Spec A is the blowing-up of Spec A along the closed subscheme Spec A/b.

In the present paper, we consider the existence of Cohen-Macaulay Rees algebras.
A Rees algebra R(b) is said to be an arithmetic Macaulayfication of A if it is
Cohen-Macaulay and b is of positive height. The main theorem of this paper is the
following.

Theorem 1.1. Let A be a Noetherian local ring of positive dimension. Then the
following statements are equivalent:

(A) A has an arithmetic Macaulayfication;
(B) A is unmized and all the formal fibers of A are Cohen-Macaulay.

Here a Noetherian local ring A is said to be unmixed if dim A/p = dim A for
every associated prime p of the completionA A. The formal fibers of A are the fiber
rings of the natural homomorphism A — A.
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The studies in the Cohen-Macaulay property of Rees algebras started from Bar-
shay’s paper [5]. He gave the defining ideal of R(b) and its free resolution if b is
generated by a regular sequence. He also showed that R(b) is Cohen-Macaulay if A
is also and if b is generated by a regular sequence. Around 1980, Goto and Shimoda
studied several properties of R(b) in the case where A is a Buchsbaum local ring
and b a parameter ideal. See [9], [10], [11], and [3I]. Summarizing these investi-
gations, Goto and Yamagishi [12] established the theory of unconditioned strong
d-sequences. Their theory contains the existence of an arithmetic Macaulayfication
in the case where A is unmixed and Spec Ais Cohen-Macaulay except for the closed
point. See also Brodmann [7] and Schenzel [27]. Recently Kurano [I9] proved that a
Noetherian local ring A containing a finite field has an arithmetic Macaulayfication
if the non-F-rational locus of A is of dimension 1. Independently this was also done
by Aberbach [I]. Motivated by Kurano’s work, the author [I8] also gave some suf-
ficient conditions for A to have an arithmetic Macaulayfication. Theorem [T.1] gives
a necessary and sufficient condition for an arithmetic Macaulayfication to exist.

If the Rees algebra R(b) is a Cohen-Macaulay ring, then the projective scheme
Proj R(b) is Cohen-Macaulay. However, the converse is not true in general. The
author [17] gave an ideal b such that Proj R(b) is a Cohen-Macaulay scheme for
fairly general Noetherian local rings. Theorem [[.I] gives another proof of the result
in [17].

In our arithmetic Macaulayfication R(b), the ideal b is generated by monomials of
a certain system of parameters, named a p-standard system of parameters. Sections
PlandBlare devoted to discussing the existence and properties of a p-standard system
of parameters. Theorems and are improvements of Theorems 2.7 and 3.1
of [I77], respectively. We give a proof of Theorem [ Tlin Section H. In our proof the
theory of multigraded Rees algebras, which was introduced by Herrmann, Hyry,
and Ribbe [15], plays a key role. Our ideal b is very complicated. However, their
theory makes the proof of Theorem [Tl simple.

In section [ we give a consequence of Theorem [LT1.

Corollary 1.2. A Noetherian local ring is a homomorphic image of a Cohen-
Macaulay local ring if and only if it is universally catenary and all the formal
fibers of it are Cohen-Macaulay. An excellent local Ting is a homomorphic image
of a Cohen-Macaulay excellent local ring.

However, there exists no analogy with the Gorenstein property. In fact, Ogoma
[22, Example 1] gave an example of an acceptable local ring which is not a homo-
morphic image of a Gorenstein ring.

For non-local rings, this paper gives only a sufficient condition for an arithmetic
Macaulayfication to exist.

Theorem 1.3. Let B be a Noetherian ring possessing a dualizing complex. If the
codimension function is a constant on the associated primes of B, then B has an
arithmetic Macaulayfication.

We refer the readers to Section [Bl for the definition of the codimension function.
By using Theorem [[.3, we give an affirmative answer to Sharp’s conjecture [30]
Conjecture 4.4].

Corollary 1.4. A Noetherian ring has a dualizing complex if and only if it is a
homomorphic image of a finite-dimensional Gorenstein ring.
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This is a simple criterion for a dualizing complex to exist. Several authors gave
partial answers. See [2], [3], [, [22], and [23]. We give proofs of Theorem [[3] and
Corollary [[4 in Section [G.

Throughout this paper, A denotes a Noetherian local ring with maximal ideal m.
We assume that the dimension of A is positive. We refer the reader to [13], [14],
and [20], for unexplained terminology.

2. A p-STANDARD SYSTEM OF PARAMETERS, I

In this section, we give the definition of a p-standard system of parameters
and discuss the existence of it. For a finitely generated A-module M, let aP(M)
denote the annihilator of the pth local cohomology module Hf (M) of M and let

a(M) = Hp<dimM aP(M).

Definition 2.1. Let M be a finitely generated A-module of dimension d > 0,
1, ..., 4 a system of parameters for M and s an integer such that 0 < s < d.
We say that x1, ..., x4 is a p-standard system of parameters of type s for M if
(1) Ts41y -++, Ld € Cl(M),
(2) @i € a(M/(xiq1,...,xq)M) for 1 <i <s.

This notion was given by N. T. Cuong [8]. He showed that there exists a p-
standard system of parameters of type d—1 for M whenever A possesses a dualizing
complex. We improve his result. For a finitely generated A-module M, let NCM(M)
denote the non-Cohen-Macaulay locus of M, that is, NCM(M) = {p € Spec A | M,
is not a Cohen-Macaulay Ay,-module}. By modifying the proof of [29, Theorem 3.3,
we obtain the following lemma.

Lemma 2.2. Let B and C be Noetherian rings and B — C' a faithfully flat ring
homomorphism. We assume that Cy /pCy, is a Cohen-Macaulay ring for every prime
ideal p in B. Let M be a finitely generated B-module. If there exists an ideal ¢ in C
such that NCM(M ®@p C) = V(c), then NCM(M) = V(cN B).

We need the following propositions to choose a p-standard system of parameters.

Proposition 2.3. Assume that A is universally catenary and that all the formal
fibers of A are Cohen-Macaulay. Let M be a finitely generated A-module of dimen-
sion d > 0. If M is equidimensional, then NCM(M) = V(a(M)). In particular,
dim A/a(M) < d.

Proof. If A has a dualizing complex, then the assertion was given by Schenzel [26]
p. 52]. Assume that A has no dualizing complex. The completion A of A has a
dualizing complex and is a faithfully flat A-algebra. Since A is formally catenary,
M ® A is also equidimensional. Therefore the non-Cohen-Macaulay locus of M @ A
is

ViaM @A) =V(@(MeA)n---nat=H(M o A)).
By using Lemma [22] we find that the non-Cohen-Macaulay locus of M is
V@MeA)Nn---na Y (Mo A)NnA)=V@"M)n---nat= (M)).

The right-hand side of the equation above is equal to V(a(M)). Since NCM(M)
contains no minimal prime of M, dim A/a(M) = dinNCM(M) < d. O
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Corollary 2.4. Assume that A is universally catenary and that all the formal fibers
of A are Cohen-Macaulay. Let M be a finitely generated A-module of dimension d >
0. Ifdim A/p = d for every associated prime idealp of M, then dim A/a(M) < d—1.

Proof. Let p be a prime ideal of A such that dim A/p = d—1 and M, # 0. Then the
one-dimensional Ap-module M, is Cohen-Macaulay because M, has no embedded
prime. Therefore dim A/a(M) = dimNCM(M) < d — 1. O

The following theorem assures us of the existence of the p-standard system of
parameters.

Theorem 2.5. Assume that A is universally catenary and that all the formal fibers
of A are Cohen-Macaulay. Let M be a finitely generated A-module of dimension d >
0. If M is equidimensional and s an integer such that dim A/a(M) < s < d, then
there exists a p-standard system of parameters of type s for M.

Proof. Since d — dim A/a(M) > d — s, there exist d — s elements zs41, ..., Zq
in a(M) such that dim M/(xsy1,...,24)M = s. If elements z;41, ... , x4 in A such
that dim M/(z;41,...,2q4)M = i are given, then M/(z;11,...,24)M is also equi-
dimensional. Therefore dim A/a(M/(zit1,...,xq)M) < i and hence there exists an
element z; in a(M/(zit1,...,2q4)M) such that dim M/(z;,...,2q)M =i—1. O

3. A p-STANDARD SYSTEM OF PARAMETERS, 11

In this section, we give some properties of a p-standard system of parameters.
First we recall the definition of d-sequences and the one of unconditioned strong
d-sequences.

Definition 3.1. Let M be an A-module. A sequence z1, ..., x4 of elements in A
is said to be a d-sequence on M if

(1,.. ., xim1)M iz = (21, ..., xi-1)M 1z

for any 1 <i < j <d. Here we set (x1,...,z,-1) = (0) if i = 1.

A sequence 1, ..., xq of elements in A is said to be an unconditioned strong
d-sequence (for short, a u.s.d-sequence) on M if 7, ..., x}* is a d-sequence on M
for any positive integers nq, ..., ng and in any order.

The following is one of the important properties of d-sequences. It was first
given by Goto and Shimoda [11l Lemma 4.2] for the system of parameters for a
Buchsbaum local ring, which is a typical example of d-sequences.

Proposition 3.2 ([12| Theorem 1.3]). Let M be an A-module and x1, ..., zq a
d-sequence on M. If we put q = (x1,...,24), then
(1‘1, o ,J)i_l)M i Ng"M = (1‘1, o ,xi_l)qn_lM
foranyn >0 and 1 <i<d.
A p-standard system of parameters has several nice properties. The following
two properties are given in [17].

Proposition 3.3 ([17, Proposition 2.8]). Let M be a finitely generated A-module
of dimension d > 0 and x1, ..., ©q a p-standard system of parameters of type s
for M. Then xs41, ..., xq s a u.s.d-sequence on M/(y1,...,yu)M where y1, ...,
Yu 18 a subsystem of parameters for M /(xsy1,...,24)M.
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Proposition 3.4 ([I7, Theorem 2.9]). Let M be a finitely generated A-module of
dimension d > 0, x1, ..., xq a p-standard system of parameters of type s for M,
and Y1, ..., Yu a subsystem of parameters for M/(xz;,...,xq)M where 2 < i < d
and 1 <wu <i. Ify, € a(M) ory, € a(M/(x;,...,xq)M), then

W15 Yo, {2a [ A EADNM i ypyu = (Y1, Yo—1, {22 [ A € A})M 1y,
forany 1 <v<wand A C{i,...,d}.

The next proposition is not in [I7] but we need it to prove Theorem [T The
author is inspired by [8, Theorem 2.6).

Proposition 3.5. Let M be a finitely generated A-module of dimension d > 0,

T1, ..., xq a p-standard system of parameters of type s for M and y1, ..., Yy G
subsystem of parameters for M/(x;,...,xq)M where1l <i<dandl <wu<i. Then
Ti, -, T; 18 a d-sequence on M/(Y1, .., Yus Tjt1, - ., Ta)M for any i < j <d.

Proof. Let ¢ <1 < j be an integer. By applying Proposition[3.4] to a subsystem of
parameters yi, ... , Yu, Tiy - - . , £y for M/(xi41,...,24)M and a subset {j+1,...,d}
of {l+1,...,d}, we obtain

(Y15 oy Yus Tiy ooy Tl 15 Tjg s - - - Ta) M Ty
= Y1, s Yus Tiy - oo The1, Tjb1, - - - Ta) M 1y
for any 1 < k <. O
The following theorem and corollaries are improvements of Theorem 3.1, Corol-
laries 3.2 and 3.3 of [I7], respectively. The old theorems require that all n;, ..., n;
are positive but new ones require only that all n;, ..., n; are nonnegative.

Theorem 3.6. Let M be a finitely generated A-module of dimension d > 0 and
1, ..., Tq a p-standard system of parameters of type s for M. We put q; =
(Tiy. .. xq) for all 1 <1 < d. Then, for any integers 1 <i < j <d and n;, ...,
n; > 0, the following statements hold:

(Aij) If y1, ..., yu is a subsystem of parameters for M/q;M and if ni, > 0 for
some integer i < k < j, then

(yl""’yu’xk""’xl—l)M:xlm[(ylw-'ayu)M“_q;“.”q;le]
= (yla---7yu)M+(.ﬁk,...,xl_l)q?i qzkflq?JM

for arbitrary integer k <1 < d.
(Bij): If y1, ..., yYu is a subsystem of parameters for M/q;M and if ng, > 0 for
some integer i < k < j, then

(Y1, s Yum1)M + (2, 20)q) - -q;”M] “Yu
(3.6.2) = (@, x){[(y1, s Yu—1)M +q" - -q?jM] Yt
+ (Y1 Yua1)M 1y,
for arbitrary integer k <1 < d. In particular, by letting | = d, we have
(Y1 gum )M 4 07 g™ g My,
= ar{l(Wr, -y )M + a7 g M)y}
+ Y1y -y Yua1)M 1y

(3.6.1)
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(Cij): If ya, ..., Yu is a subsystem of parameters for M/q;M and if n; > 0,
then

[(ylv s 7yu71)M + q;“ q;LJM] Y
S R Lt

(Dij): If y1, ..., Yu is a subsystem of parameters for M/q;M and if n; > 0,
then

(3.6.3)

(3.6.4) [(y1,---,Yu—1)M +q;" q;”M] Sy Ny M
Sz, yu—1)M + q?iil T q;’le] Yut + Y15 Yuo1) M.

(Eij): Letyr, ..., yu be a subsystem of parameters for M/qipM where 2 < k <1
and 1 <u<k. Ify, € a(M/qiM) ory, € a(M) and if n; > 0, then

[(ylv"'vy'uflv{x)\ | A€ A})M+CIZL1 q?JM] “YvYu
=1, o1, {a [ A€ ANM + g7 - a7 M)y,
forany 1 <v<wand A C{k,...,i—1}.

(3.6.5)

Proof. We work by induction on j — i. First we assume that ¢ = j.

(A;): Since x;, ..., x4 is a d-sequence on M/(y1,...,y,)M, BEI) coincides
with Proposition

(Bi;): Let a be an element in the left-hand side of (B6.2) and put y,a = z;b+ ¢
with b€ q]"M and c € (y1,...,Yu—1)M + (zi,...,21-1)q9; " M. By using (Ai;), we
obtain

b€ (Yise s YusTiyo s xi—1) Mz N g M
C(Y1ye s Yu) M+ (x4, .. ,xl,l)q;“_lM.
Let b = y,a’' + ¢ with ¢ € (Y1, Yu_1)M + (@4,...,21-1)q" " M. Then o’ €
(Y1, Yu—1)M +q;" M] :y,, and
a—zia € (Y1, Yua1)M + (i, ..., 21-1)q) M) : Y.

By induction on [, we find that a is in the right-hand side of (Z6.2). The opposite
inclusion is obvious.
(Cii): By using (B;;) repeatedly, we have

Y1y Yue )M+ QM 1y = (Y1, Y1 )M 2y,
+q?i71{[(y1""’y“—l)M+qiM]Zyu}
g (yla DRI 7yu—1)MZyu + q?z*lM

(Dj;): If n; = 1, then the right-hand side of ([B:6.4) equals (y1,...,Yu—1,2i) M
and hence contains the left-hand side.
Assume that n; > 1. Let a be an element in M such that x;a is in the left-hand

side of (B:G.4)). Then
YuTia € [(Y1, - Yu—1)M + @ MO (Y1, - -+, Yu1, 7)) M
= (W1, Yu )M + 23] M
because of (A;;). Hence
20 € (Y1, -y Yu1)M + 297 M] 1y,
=W u )M g+ 2l gum )M+ 07T My )
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Here we used (By;). By applying Proposition B4l to a subsystem of parameters
Y1, -+ s Yu, T; for M/q;+1 M, we have

W1y s Yu1)M iy = (Y1, ooy Yuo1)M 125

and hence

(3.6.6) W1, Yu) My Vi M = 2y, yu1) M yui]
C (Y1, Yu1)M.

Therefore

zia € 2i{[(y1s -, Yu1)M +qF T M) iy} + (Wi Yuo1)M iy Nz M
Caifl(yr,- s yu1)M + a7 M yu} + (y1s- s Yum1) M.
(Ei;): By using (B;;), we have
(1, yo—r {za [ A € AP)M + g M| yoy
= (Y15 Yoot {zn [ X € A M 1y
+a7 {1 yeor {oa [ A € AYM + ¢, M] gy}

Applying Proposition B4 to a subsystem of parameters yi, ... , y, for M/qxM and
two subsets of {k,...,d}: A and AU{i,...,d}, we obtain

W1, Yo—1, {za [ A € AHM yuy
+ a7 (1 yoers {za [ X € ADM + q:iM]:yyya}
= (Y1, Yo-1,{Ta | A E A} M : 9,
a7 s yo1s {oa | X € ADM + qiM] y )
=1, Yu—1,{xr | N € A})M + q}" M] : y,.
Thus (B:6.5) is shown.
Next we assume that j > ¢ and prove (A;;)—(E;;). If n; = 0, then (A;;) and (B )

are contained in (A;41,;) and (Bsy1,5), respectively. Therefore we may assume that
n; > 0. Similarly we may also assume that n; > 0.

(A;j): Let a be an element in the left-hand side of (B.6.1]). If kK = =4, then

a€ (YY) Mz 0O (Y, Yus Ty Ta) M= (Y, yu) M.

Otherwise, by using (A;y1,5), we have

@€ (Yy-vyYuy TisThey o e oy Ti—1) M 2y OV [(Y1y -+ oy Yy i) M + q?_ﬁrn"“ q?’M]
_ (Y15 Yur )M+ (T, - ,xzfl)q?ﬁrniﬂil gy’ M ifk<i+1,
(ylv R 7yu;xi)M + ((Ek, .. '7xl71)q?-i<{ni+l te 'qzk71 . q;LJM lf k > 7 —+ 1

= (yla oo 7yu7xi)M + (xk7 . 7$l_1)q?i .. .qzk_l . q;‘JM
Taking the intersection with (yi1,...,yu)M +q;" - -- q;}j M. we obtain

a € (y177yu)M+ (xkv'“vxlfl)q;li -..qzk_l q;lJM
+ MO [(y1,. . yu)M +q; q;LJM]
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Because of (Ciy1,5),
oM O (Y1, yu) M+ q) q;”M]
=aq q;”M
+ o MO [y, Yu) M + q?+J1r"+1 - q}7 M]
=z Mo { [ p) Mg M)
Caqr ! q;_”M + i [(y1s - Yu) M i + qﬁ‘f”wl—l B -q;”M]
c (?/17 ce Yu) M+ xiq?rl .. q;”M.
Therefore
a€ (Y, Yu) M+ (zk, ..., 21-1)q)" ...qzrl...q?a‘M
gt M.
If £ = i, then the proof is completed. If k > i, then we work by induction on n;.
Let a = z;b+ c with b € g "'+~ g}’ M and
CE Yty s Yu)M + (Thy ooy xpg)q g a0 M.

If we apply Proposition B4 to a subsystem of parameters y1, ... , Yu, Tk, --- , Ti—1,
x;, 2 for M/q;4+1 M, then we have

be (yl,...,yu,xk,...,:cl,l)M:xifcl = (yl,...,yu,xk,...,:cl,l)M:xl.
If n; =1, then (A;11 ;) says that
be (ylv"'7yu7xka"'7xlfl)M:xl mq:l.|L-+11 q;LJM
c (yla .. 7yu)M + (xka s 7xlfl)q'::i-+11 e qzk_l to q;LJM
and hence a = x;b + ¢ is in the right-hand side of (3.6.1). If n; > 1, then we obtain
be (yla'"ayuaka'-axl—l)M:xlmq?iil'”q;’”M
C (W1 )M+ (g x)q g T g M
by the induction hypothesis. Thus a = x;b+c is also in the right-hand side of (Z6.T]).
(Bij): Let a be an element in the left-hand side of (3.6.2) and put y,a = x;b+c
with b e g -- -q;”M and c € (Y1, Yu—1)M + (zk, ..., m—1)q)" - - -q;-”M. Then
be (?/17---7yu7$k7---7$l—1)M5$lﬂq?i"'q?jM
g (yl; e ,yu)M + (:ck, e ,(Elfl)q:-” . ~C|Zk71 .. q;LJM
Here we used (A;;). If we put b = y,a’ + ¢ with
de W Yu1) M+ (Tp, .. xi—1)q; " - qZk—l . q?jM,
then o’ € [(y1,...,Yu—1)M +q]" - 'q;”M] :yu and
a—xa €[(y1,. s Yuo1)M + (Tp, .. z1—1)q " - -q?jM] S Yu-
By induction on [, we find that a is in the right-hand side of [3.6.2). The opposite
inclusion is obvious.
(Cij): We first show that
(yla DRI 7?Ju—1a$i)M:yu N (yh ey Yu—1,T4y - - - ,I‘Z)M

3.6.7
( ) = (?/17---ayu—17$i)M
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for all i <1 < d. We work by induction on [. If [ = ¢, then there exists nothing to
prove. Assume that [ > ¢ and let a be an element in the left-hand side of (B.6.7).
If we put a = &b+ ¢ with ¢ € (y1,. .., Yu—1,Ti, .- ., 21—1)M, then

b€ (Y1, s Yua1sTiye vy Tim1)M 1 yu@i = (Y1, -« s Yue1, Tiy - -, T1—1) M 1 2.

Here we applied Proposition [34] to a subsystem of parameters y1, ..., Yu_1, Zs,
.y -1, Yu, ¥ for M /qi1+1 M. Thus we obtain

a=xzb+ce€ (Wi, s Yu1, )M iy N Y1y ey Yu1, Tiy oy Ti—1) M
= (yla s 7yu71;xi)M
by the induction hypothesis.

Next we show (B6.3). By using (B;;), we may assume that n; = 1. Let a be an
element in the left-hand side of (B:63). Then

nip1+1

a€ (Y1, Yu—1,2)M + 9,57 - q; M)y,
C Y1y Yut, T)M iy + i qy M
because of (C;41,5). On the other hand, since n; > 0, we obtain
a €[y, Yu1)M +a; M] 1y,
C (Y1, Yu1)M 1y + q: M.
Here we used (C;;). Hence
a €y, Yut, @) M iy + i ay MIN (Y, Y1) M iy + qiM]
=W )M iyu + a0 M A (s Yue s @) My N @M
=W )M iy + a3 a7 M+ 2 M.
Here we used (B:6.7)). Taking the intersection with
(W1, Yu)M 4 a7 q M) 2y,

we obtain
a€ (Y yu—t)Miyy +a55 o a) M
+z{[(y1, - Yur) M+ q;»”M] : yui).
By applying (Eiy1,5) to a subsystem of parameters yi, ..., yu, x; for M/q;1 M,
we have

(Y15 Yum )M+ a3 a) Mty = (1, Yo )M+ a7y -0 M

Therefore a € (y1,. .., yu—1)M yu +a; (1" - q;’J M.
(D;j): Let a be an element in M such that x;a is in the left-hand side of (B:6.4).

Then
Yuzia € oM N [(y1,. ., Yu—1)M +q;% - - q;sz]
oM gl g
Here we used (A;j). We put yuzia = 2;b+ ¢ with b € g7
(¥1:--->Yu—1)M. Then

--q?"M and ¢ €

€ Wi, yu)M iz N ;M
C (W1, Yu)M iz N g M
C (Wi, yu)M
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because n; > 0 and x;, ..., zq is a d-sequence on M/(y1,...,y.)M. If we put
b=y,ad +c with ¢ € (y1,...,9u—1)M, then
a €[(yi, s Yu1)M +q 7t q;”M] “Yu
and
zvila—ad) €y, ., yu_1)M:y, Na; M

C (yla s ayu—l)M'

Here we used (B:6.0)) again. Therefore
20 € (Y1, Yu)M + 2 {[(Y1, - yu )M + a7 g M] sy}

(Eij): We may assume that n; = 1 in the same way as the proof of (E;;). We
divide the proof into two cases.

First we assume that n;41 +---+n; = 1, that is, n;4; = --- = nj_; = 0 and
n; = 1. We show that

(3.68) [ o1 on | A€ ADM + (20,211,250 )45 M] ot
=[y1,. Yo, {Tr [ AN EAD)M + (24,..., 21-1, %5, ..., Ta)q: M] 1 yu

for all ¢ < | < j by descending induction on [. If | = j, then ([3.6.8) coincides
with (Ej;;). Assume that [ < j and let a be an element in the left-hand side
of (BE8). The induction hypothesis says that

a€ (Y, Yot {xr | A EAPM + (24,..., 21,25, ..., 24)q: M] : yu.
We put y,a = x;b+ ¢ with b € q; M and
c€ Wi, Yo, {Tr | AEAYNM + (4, ..., x1-1, 25, ..., Taq)q: M.
On the other hand, Proposition [34] says that
a€ Wi, Y1, {Tr | ANEA &y, im0 M Yl
= W1, Yot {Tr | ANEA 2y, s, T, )M Yy
Hence
be (Y1, Y1, {Tr | AEA} =iy 1m0, 25, - zg) M i N g M
C Wi, Yo, {Tr | A €A @i, Tm1, 2y, . xg) M
because z;, ..., xj_1 is a d-sequence on
M/, yo—1,{aa | A€ A} ), .. xq) M.
Therefore
yua =xb+c € (y1,...,Yo—1,{xx | N EAY)M + (24, ..., 211, %5, ..., 2q)q; M.
Thus [B6.8) is proved. If we put [ = 4, then we obtain
(1, yo1, {za | A€ AP)M 4 qiq;M] : yoyu
= [y, Yo—1,{oa | A € AP)M + qiq;M] 2y

Next we assume that n,41 +---4+n; > 1. Let

a €, yo-1{za | A€ ANM + qig {1 - a4y M yyyu
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Then (Ejt1,;) says that

a € (Y1, yo1. {on | X € A} )M + g+t 0 MYy
=[(y1,-- s Yo—1, {2 | A E A}, 2)) M + q?ff'“ . ..q;”M] Y-

Therefore

Mit1

Yut € (Y1, Y1, {ox [ A € ANM + quq 7 a7 M)y,
N, sy, o [ A € A} w) M + a0 - )7 M)
=Wyt {oa [ANEANM a0 g M
W yo-r {oa [ A€ ANM + quqi i -y M)y, N M
= Y1,y Yo—1,{xA | A EA}D)M + q?jﬂl"'l e q;,”M
+ {1, yor {oa [ A€ A)M + g5 a7 M)y, )
Here we used (D;;) to show the second equality. We put y,a = x;b + ¢ with
(3.6.9) be (s s yo1{zn [ A€ ADM + g1 a7’ M] 1y,
and
c€ (Y, s Yo1,{mr | NEAN)M + q?ﬁlﬂ cq M.

By applying (Cit1,;) to a subsystem of parameters yi1, ..., Yo—1, Yu, {Zx | A €
A}, z; for M/q;41 M, we obtain

i 1 j
be (W1, sYo—1,Yus{Ta | A EANM + q;z++11+ e q M

(3.6.10) 0
< (ylv"'vy'uflvyua{x)\ | A€ A})M:x’i—’_qi-i-l P M.

On the other hand, since n;41 + -+ +n; > 1, we have

be (Wi, Yoot {za | A EADM + g2 M)y,

3.6.11
( ) C WiVt {Ta | AN EAY)M 1y, + qia M

by using (Ciy1,i41)-
Furthermore, by applying Proposition[34] to a subsystem of parameters y1, ...,
Yo—1, {Zx | A € A}, Yy, x; for M/q;+1 M, we obtain

(yla sy Yu—1, {(E)\ | S A})My'u
(3.6.12) C (Y1, s Yo—1,{xx | N EAPHM 1y,
= (yh ey Yo—1, {$A | A\ E A})MJ),L
Hence, by taking the intersection of (3.6.10) and (3.6.11), we have
be (yl,...,yv_l,{x,\ | )\EA})M:yv—l—qZ‘fll ...q?jM
+ (y17 s Yv—15Yu, {xk | A S A})MJ’"L N qi-‘rlM

g (y17"'7y1)—15{x)\ | AEA})Myv"'yuM‘i‘q::jl—l q;lJM

Here we apply Proposition B2lto a d-sequence x;, ... , 4 on

M/(y17 ey Yo—15 Yu, {J,‘)\ | )\ (S A})M
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Taking the intersection with (3:69), we obtain
be (Yis Yot {2x [ A € AP)M iy, + a5 "'CI?jM
+ {1, Yo, {oa [ A€ A)M + g4 a7 M)y Ny M
=W,y {on [ A€ ANM y, + a3y g M
+yu {1, yomn {zn [ A€ ANM + g 0] M) yuyu}
= W15 Yo-1,{zr [ A EAM 1y, +C|;Lﬁl "'CI?jM~

Here we used (F;41,;) to show the last equality. By using (B.6.12) again, we find
that

Yua = xib+c € (Y1, o1, {zx | A € A})M + qiq7 17 -~q§”M.
That is,
a €y, - yo-1,{za [ A€ ANM + qugi (i - a7 M) yu.
The opposite inclusion is obvious. The proof is completed. O
Corollary 3.7. With the same notation as Theorem [3.6], we have
(Y1, sy M+ a7 M2 = (g1, ) M 447 - g5 M) qi

for any integers 2 <i < j<d, n;—1 >0, ng, ..., n; >0 and for any subsystem of
parameters yi, ..., Yy for M/q;_1 M.

Proof. If n; = --- =nj; = 0, then the equality is trivial. Therefore we may assume
that one of n;, ..., n; is positive. We may also assume that n;_; = 1 by using

Theorem B.G(E;;). Then we have
(Y1, g M+ a7 q M w1 © (g1, yu) Mo+ a7 g M

by applying Theorem B.6(C;;) to a subsystem of parameters yi, ..., Yy, z;—1 for
M/q;M. Since x;_1, ..., x4 is a d-sequence on M/(y1,...,yu)M,
1o yu)Mimion C (Y1, -, Yu) M g
Therefore
The opposite inclusion is trivial. O

Corollary 3.8. With the same notation of Theorem B.Gl we let k be an integer such
that 1 < k < d and y1, ..., yu a subsystem of parameters for M/q,M. Assume
that

(W1, Yu—1)M + qeM] yy = (Y15 Yu—1)M + qx M.
Then
(381) (s 1o {on [ A€ ADM g = (91, a1 oa | A € ADM
for any A C {k,...,d}. Furthermore
(Y1, yu—r, {zn [ A €ANM + a7 - a7 M] 1y,
— e an | A€ ADM 4 g7 M
for any integers k <i<j, n;, ..., n; >0, and A C {k,...,i—1}.

(3.8.2)
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Proof. We first show (B8] by descending induction on the number of elements
in A. If A = {k,...,d}, then there exists nothing to prove. Assume that A #
{k,...,d} and let [ be an element in {k,...,d} \ A. Let a be an element in the
left-hand side of (B33]). Then

a€ (Y1, s Yu1, T {x | ANEADM 1y = (Y1, -+ s Yu—1, T, {xn | A EAPM
because of the induction hypothesis. We put a = z;b + ¢ with
c€ Y1y s yu—1,{Tr | A EA}PM.
Since z; € a(M) or z; € a(M/q;4+1M), we obtain
be (Y1, yyu—1,{Tr [ X EAPDM 1y = (11, -, Yu—1,{ZA | N EA})M : 2

by using Proposition 3.4l Therefore a = ;b +c € (y1,---,Yu—1,{2r | A € A})M.
Next we show that (382). If n; = --- = n; = 0, then the equality is trivial. We
assume that n;, n; > 0 and we work by induction on j — 7. If i = j, then

(Y15 s Y1, {r | X € A})M + g1 M] 1y,
= (W1, Yu—1.{Tx [N EA})M :y,
07 (s yu1, {ma | A € ADM + i M)y}
= (Y1, Yu—1.{2r | A € A})M + g} M.

Here we used Theorem B6(B;;) and (381I). Assume that j > i. We may assume
that n; = 1 by using Theorem B.6I B;;). Let a be an element of the left-hand side
of (3:82). The induction hypothesis says that
(Y1, -y Yu1,Ti, {xr | N EAD)M + q?_ﬁllﬂ e q?jM] S Yu
= W1y s Yu1,Tis {Zx | A EAP)M + q?ﬁ”’l . q;,”M.
Therefore

a €y, yu—1, {ox [ X € ANM + qiqi 1" - q;" M)y

N[(y1y .- Yu—1,Tis {za | A€ AP M + q?ﬁllﬂ e q?jM]

= (y17 vy Yu—1, {.fA | A€ A})M + q;i-*il-i_l e q;ZJM
W1 Yuet, {on [ X EANM +qiqli - a)? My N M

C Wy Yuro{or | A EANM +q g M
+zi{l(y1, -y, {foa [ A€ ANM + a3 - a7 M)y}

= (W1, Yu—1, {xx | A € AN)M + qiq; " - q;”M.

Here we used Theorem BBl D;;) and the induction hypothesis. O

4. THE PROOF OF THEOREM

Before the proof of Theorem [I1], we give some statements on Z"-graded rings.
Let R = @m .m0 B(ny....n,) be a Noetherian Z"-graded ring. For such a ring,

let By =@, n)200,...0) Bnasenn)-

Proposition 4.1. Let M be a finitely generated graded R-module and b an ideal
in R,..0). Then there erists an integer n such that

[H5R+R+(M)](n1w,n,,,) =0 wunlessni, ..., n,<n

for all p > 0.
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Proof. If b = (0), then we can prove the assertion in the same way as [28] no. 66
Théoreme 2]. The spectral sequence Ey? = HypHj; (=) = pr;jerJ—) says that
the assertion holds in general. O

Let ¢: Z" — Z° be a group homomorphism satisfying ¢(N") C N°. We put

R? = @ @ R(nl,...,nr) )

mi,...;ms20 \ p(ni,...,n.)=(m,...,ms)

which is a Z*-graded ring. For a graded R-module M, let

M? = @ @ M(nl,...,nr) )

mi,....Mms€L \p(ni,...,nr)=(Mm1,...,ms)

which is a graded R¥-module. We know that

HY e, M))? = HE oy (M)

R#4(R¥)

for any ideal b in R, .. ). See Lemma 1.1 of [T5].
The following proposition is contained in the proof of [I5] Theorem 2.2].

Proposition 4.2. Let M = @m om0 Mny,.n,) be a finitely generated graded
R-module and b an ideal in R, 0)- We put

S = @ R(nl;~~~7n7v71,m~+nr+1)

and

N = @ M(n17~~~,nr—1,nr+nr+1)-

N1yeeNpy1 220

Then S is a Noetherian Z™+'-graded ring and N a finitely generated graded S-
module.
If there exists an integer py such that

(4.2.1) Hipip, (M)=0 for allp> po,
then
prs+s+(N) =0 forallp>po+1.

If
(4.2.2) [Hepir, M)|ny,..n) =0 unlessny, ..., n, <0
for all p, then

Hysis, (N)ny,.ne) =0 unless iy, ..., npg <0
for all p. If, in addition, there exist integers py > 0 and ng < 0 such that
(4.2.3) H g g, (M)]ny,..;n,) =0  whenever ny + -+ +n, < ng
for all p < pg, then
[H‘;’SJFS+ (N (n1,mpin) =0 whenever ny 4 -+ npq1 < ng

for all p < po + 1.
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Proof. It is easy to show that S is a Z"T!-graded ring and N a graded S-module.
First we show that S is Noetherian. To do this, we may assume that » = 1 without
loss of generality. Since R is Noetherian, Ry is also and R is generated by finitely
generated Ro-modules Ry, ..., Ry over Ro. Then S = S(,0)[S(n, ns) | n1+n2 < EJ.
Indeed, if i + j > k, then Riij=RiRiyj 1+ -+ RpRiyj_. Therefore

S . — Zé;l S(1,0)S(i~1.5) 4 if i > k;
B it S0y Sit) + Dot Stam) Sco-mys i i < k.
We can show that S¢; ;) C S0,0)[Stnins) | 71 + n2 < k] by induction on i + j.

Similarly we can prove that N is a finitely generated S-module.
Next we consider local cohomology modules. Let

I= @ R(nh“wn'r—l Mrt1g1)

N1, ,np>0,mp041>0

and

Ll - @ M(nly'~~7n1'71yn'r'+n1'+1)'

N1y, 20,m041>0

If we put ¢(n1,...,n,) = (n1,...,n,,0), then S/I =2 R¥ and N/L, = M?. There-
fore

[HgRJrR+ (M)](ny,.connys i 1 =05

P N/L =
[ bS+S+( / 1)](n1,...,nr+1) {07 otherwise

for all p. Similarly we put
L2 = @ M(nl,...,n,,.,l,n,,.+n1v+1)'
N1y, 1,Np4120,m,->0
Then

[H[I:R+R+ (M)](nl7~~~,nr—17n7‘+l)’ if n, = 0;

H? N/L)|(ny....n =
[ bS+S+( /L2 (1 i) {0, otherwise

for all p.
There exist two long exact sequences of local cohomology modules

s — HEglg (N/Li) = Hlg s (Li) > Hlg, g (N) = Hig ¢ (N/Lij) — -+

for i =1 and 2. On the other hand, L; & Ls(0,...,0,1,—1).
Assume that [@2ZT) holds. If p > po + 1, then
[H§S+S+ (N)](nl,...,nr+1) = [H§S+S+ (Ll)](nl7~~~1nr+l)
= [H€s+s+ (L2)](n17~~~,nr—17nr+11nr+1_1)

= [Hygys, (N, ne 1t 1meg—1)
R

1%

Here we used Proposition 11
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Next we assume that (ZZ2) holds for all p. Unless nq, ..., n, <0, then

[H§S+S+ (N)](n1,.u,nry~+1) = [H§S+S+ (Ll)](n17'~~5n'r'+l)

= [H§S+S+ (LQ)](nl7~~~5n'r'717n7'+1yn'r'+171)

[H§S+S+ (N)](nl7~~~,nrr~—17n7v+1,nrr~+1*1)
e e 0'

1%

We can also show that [Hf:s+s+ (D)l(ny,.conryr) = 0if npyy > 0. In addition, we
also assume that (€£23) holds for all p < pg. If p < po+ 1, n1 + -+ + nry1 < ng,
and ny, ..., nyq1 <0, then

[H§S+S+ (N)](n1,.u,nry~+1) = [H§S+S+ (Ll)](n17'~~5n'r'+l)

= [H‘ESJF& (L2)](ny,eoomr— 1t 1mg s —1)
- [H§S+S+ (N)](nl,.u,n,,.,l,n7v+1,n,,.+171)
™, = 0'
The proof is completed. O
Let by, ..., b, be ideals in A. The multigraded Rees algebra of A (for short, the

multi-Rees algebra) with respect to them is defined to be
R(by,...,b,.) = A[b1T1,...,b,T}],

where T3, ..., T, are indeterminates. If by, ..., b, are of positive height, then
dim R(by,...,b,) = dim A + r. See Proposition 1.17 of [I5]. For an A-module M,
let Rps(b1,...,b,) denote the R(by,...,b,)-module

ni Ny 1 My
& oprecermT T
ni,...,ne->0

Recently Hyry gives the following theorem.

Theorem 4.3 ([16, Corollary 2.10]). Let b1, ..., b, be ideals in A of positive
height. If the multi-Rees algebra R(by,...,b,) is Cohen-Macaulay, then the or-
dinary Rees algebra R(by---b,.) is also Cohen-Macaulay.

We start to prove Theorem [

Theorem 4.4. Let M be a finitely generated A-module and xy, ..., xq elements
in A. We fix integers t < s+1<d, ay, ..., as >0, and agy1 > d—s—1. Let
qi = (ziy...,xq) forallt <i<s+1. We put

S=AlaTi1, - 0o Gr1Te41,15 5 9sTs 00 s t1 511,15 -+ 5 Gst1 541,004 ]

and N the S-module Ryr(qt,...,qs+1). If the sequence xy, ..., xq satisfies the
following siz conditions:
(1) the sequence x;, ..., xq is a d-sequence on M/(x3* | X € A)M for allt < i <
s+1,ng, ...,ni—1 >0, and A {t,...,i—1};
(2) the sequence x;, ..., xq—1 is a d-sequence on M/({xx | X € A}, xq)M for all
t<i<s+1,ny ...,n-1>0, and A C{t,...,i—1};
(3) the sequence Tgy1, ..., xq is a u.s.d-sequence on M/(z\* | X € A)M for all

e, ..., ns >0and AC{t,..., s}
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(4) the equality
{2 [ X e A}, mp, ..o o) Mg N (@ | A€ A)M + g7 - qi M]
=@V | NEMM + (k. m1)gl gt gl M
holds for any integers t <1 <k <s+ 1, k<1<d, ng, ..., ni—1, ng >0,
My ovey M1, Nhtls --- 5 Nsp1 20, and A C{t,...,i—1}
(5) the equality
(@3 | X e MM 4 q gy M)l
=@ I e M +qi -, M) qia
holds for any t < i < s+ 1, ng, ..., ng—1 > 0, ng, ..., nsy1 > 0, and
AcC{t,....i—2)
(6) 0:ps xg C 0:pp 2y,

then
(4.4.1) HY sis,(N) = 0: za,
(4.4.2) Hi, 515, (N)=0 forp#0,d—t+1+a;+ - + g,
and
d—t+1+artetas
(443) [Hth+S+ o Gont (N)](nt,l7~~~7ns+1,u5+1) = 07
unless Ny 1, - .., Nsl,a,4, < 0.
Proof. We show that (£ZI)—-(Z43) by descending induction on ¢. First we note
that d — s > 2 because of the assumption. Furthermore 0:j;zy C -+ C 0:pr 24
because wt, ... , x4 is a d-sequence on M. Therefore (1) and (6) say that 0:p 2 =

-+ =0:pr xq. Without loss of_generality, we may assume that 0:p; x4 = 0. Indeed,
assumptions (1)—(6) hold on M = M/0:ps x4. For example,

({23 [ A e A}, ap, ... x—1)M + O&xt] Ly
= ({z | Ne A}, ap, ... 2—1)M 2}
= ({3 | Ne A}, ap, ... o) My
because 0:37 x; C 0:p7 2;. Hence
{a Ne A}z, ..z )M] o N (@ | A€ A)M + g - g M + O&xt]
={a [ Ae b ap, .o )Mz 0 [(23 [ A e A)M + g7 - q 35 M]
+0 : Tt
M

n
S

= (:c;“ | A€ A)M+ (fck,...,xl,l)q?"’~-~qZ’“_1~-~q jrllM'FOAI/[xt.

Thus (4) holds on M. Similarly we can show that (1)-(3) and (5) hold on M.
Of course 0:572¢ = 0:5724q = 0. On the other hand, if NV denotes the S-module
R37(qt, .-, qs+1), then there exists an exact sequence of S-modules

0—-0:2,—N—>N-=0.
M

Since 0:p7 x; is annihilated by q:S + Sy,

00 2 — Hy, 515, (N) = Hy, 515, (N) =0
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is exact and

H s (N)=H!

q.5+5, (N) forall p> 0.

Thus if the assertion holds for M, then the one holds for M.

From now on we assume that O:p; zy = --- = 0:py x4 = 0. Because of Propo-
sition L2, we may assume that oz = -+ = @y = 1 and az41 = d — s — 1.
For the simplicity, we write Ty = Ty 1, ..., Top1 = Tsy1,1, Toq2 = Tsy1,2, -+,

To—1=Tst1,d—s5—1-
Assume that ¢ = s + 1 and put R = A[qs+17s+1]. Then we know that
[Hy , pir, (Bm(4s41))]n =0 unless2—p<n< -1

forallp<d—s+1,

[ d—s+1

tors Ry (Ba(di41))]n =0 unless n <0,

and
H§s+1R+R+ (Rpm(ge41)) =0 forallp>d—s+1.
See [12, Theorem 4.1]. By using Proposition 1.2} repeatedly, we find that
HY 545, (N)=0 forp#2d—2s—1
and

2d—2s—1
[Hq5+1S+S+(N)](ns+1y~~~7nd—l) =0 unless ng41, ..., ng—1 <O0.

Thus we obtain (ZZT1)—-EZL3).

Next we assume that ¢ < s+ 1. Then z["M : 2441 = x]*M : x4 for any m > 0.
Indeed, if a € "M : x4 and we put zqa = x'b, then b € xgM 27" C xqM 12141
because of (2). Let z441b = xqc. Then xi112490 = 2 @410 = ) x4c. Therefore
10 —2p'c € 0:pyzg = 0 and hence a € "M :x441. Thus the sequence x¢41,

., xq satisfies (1)—(6) on M and on M/x]*M for any m > 0.

Let R = A[qt+1Tt+1, ceey qs+1T5+1, ey q5+1Td,1] and

_ N1 Ns1+-+nd—1 . 41 Ndg—1
Y = @ ISR M:q T Ty
Nty Nd—120

Then assumption (5) gives an exact sequence of R-modules

0—Y 2% Ra(qeg1 - qss1) — Ryt/epn (des1, -, 9s41) — 0
and hence Y is finitely generated over R. The induction hypothesis says that

H§t+1R+R+(RM(qt+1" ..,qs+1)) =0 fOI'p7é 2d — 2t — 1,

[ 3?;21;1%4» (RM(qH‘l’ T qs+1))](nt+1»~~7nd—l) =0

unless ny41, ..., ng—1 <0,

Hg,,+1R+R+ (Rat/amar(Qet1s---59s41)) =0 for p #0, 2d — 2t — 1,

and
2d—2t—1
[ qe+1R+R4 (RM/Ei”M(qt'f‘l’ T q3+1))](nt+1,m7nd—1) =0
unless ny41, ..., ng—1 < 0. The spectral sequence
P9 _ 17p F79 _ ptq _
Ey" = Hx,,Hq,,+1R+R+( )= HqtR+R+( )
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gives a short exact sequence
0— HitHé’:lmm(—) - Hé)tR+R+(_) - HgtH§t+1R+R+(_) — 0.
By using it, we obtain
HY pir, (Ra(detr, .. 0541)) =0 for p#2d —2t — 1, 2d — 2t
[H2 R, (R (@it dst1)](negroina1) = 0

unless ny41, ..., ng—1 <0,

HY pig, (Barjepar(des1s -0 qs41)) =0 for p#£0, 2d — 2t — 1,

and
[Hgfﬁﬂil(RM/x;"M(CIHh o Qs 1)) (mstseemay) = 0
unless ny41, ..., ng—1 < 0. Therefore
H{])tR+R+ (Y)=0 forp#1,2d—2t—1,2d—2t,
[HﬁflgitRJr (Y)](nt+1a---7nd—1) =0 wunless nyy1, ..., ng—1 <0,
and

0 — Holp 2 (V) = Hp 2 (Rar (et -+, 0s11))

is exact. We show that nggfgj(}/’) =0. Let £ = Hgfl}gftg:(RM(th, cey Ost1))-
Because of (5),

th g RM(thrlv ) qurl) g Y.

Therefore

HY pip, (V/Rur(des1s - 0s1)) = Hp (Y/Rar(Qes1, - - 9s11))-

Let
f2t+2 = Typ1T41,
f2t+3 = xy42T441,
forra = wea3Tiyn + mep2Tigo,
farty1 = Tl + mag—1Tiq2 + -,
fatiy2 = zagliyr + -,
foa—2 = rglg—2 + x9-1T9-1,
foa—1 = rqTy 1.

Then /R4 = \/(fat+2: -, foa—1)R. The proof is quite similar to [I1}, Lemma 3.2].
We omit it. Therefore

H§¢R+R+(Y/RM(qt+17"'7q5+1)):0 forp>2d—2t—2

and hence

Hg:i}gfgf(Y/RM(th, o ey1)) — E— Hﬁfﬁ%—f (Y) =0
is exact. Thus
(444) Hl?:ilg-‘?-g%:_l (Y/Rpr(Get1,---59s41)) — F LN o
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is exact. Since the first term of ([f4.4)) is annihilated by z;, we obtain 0:g z}" =

0:g x;. Therefore z;F = 0 and hence Hidgf’}{: (Y') = 0 because E = | J,,,~( 05 }".
Since R = S/q.T;S, Y is also an S-module and
(4.4.5) Hy sy, (Y)=0 forp#1,2d—2t,

[Hﬁfls_f_f5.+ (Y)](m,.u,nd_l) =0 unlessn;=0,n¢_1, ..., nq_1 <0.

Let S’ = A[thrtha qt+1Tt+1, ceey qus; q5+1TS+1, ey q5+1Td,1]. Then the induc-
tion hypothesis says that

H§t+1s’+s; (Rat/wons (Ae41, Q15+ -5 9s1)) =0 for p # 0, 2d — 2t

and
[H§f+:?,+s,+ (Rt Qa1 Q15 -+ 5 G541)) ] (ngseomaq) = 0
unless ny, ..., ng_1 < 0. Since S’ is an A-subalgebra of S, we can regard the S-
module Ryz/z, 0 (qe, - - -, de41) as an S’-module and there exists an S’-isomorphism
Rogje, (G, Q415 -+ 5 9s41) = Rag/aonr (Qe1s Gests - st1)-

Since (w4, 2¢T¢)Rpr/zna (de, - -+ 9s11) = 0,
HY sis, (Bajen(aes - - ds41))
(4.4.6) - quHlS'Jrs;)s(RM/xtM(qta oy st1))
= Hptﬂsursgr (Rat/went(Ges -5 9s41)) =0
for p # 0, 2d — 2t and
[H2%5 2 (Ratjeona (@5 dst1))(nproma_) = 0 unless ng, ..., mg—1 < 0.

Let X be the kernel of the natural epimorphism N — Raz/z,a(d¢, - - -, qs11). Then
there exists an exact sequence of S-modules
0— X — N — Ry/a,m(dts -+, 9s5+1) — 0.
Since
:L'tM N q?r . q:j-r+11+"'+nd,—1M _ xtq?t—l L q:j-r+11+---+nd—1M

if ny >0,

@ X(ntnugnd—l) =z Tt N

ny >0
and there exists an exact sequence

—1
Ty

0— N(-1,0,...,0) 2% x .y 0.
Because of (Z45) and ([EZ.4),

x¢Ty
0— HY ¢ s (N)(=1,0,...,0) “00 P o

isexact if 3<p<2d—2t+1orp>2d—2t+1. Since H§t8+s+ (N) is annihilated
by some power of x;T; elementwise,

HP g5, (N)=0 if3<p<2d-2t+lorp>2d—2t+1.

(V)

Furthermore

He's 25, (V) = Hyfs {5 (N)(=1,0,....,0) = Hlg 2T (X) — 0
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and
H§f§+2§+ (Batjzon (dts - - 8s41)) — Hgfls_ffgtl(X) - HffEféT(N) —0
are exact. Unless ng, ..., ng_1 <0, then we obtain
[Hars 26 (N )] tmeomamn) = TG G 26 (O] et tinesromacs)
= [HYG S (Nt Lmesrema )
=S —)

Thus (£4.2) is proved.
Finally we show that x Ty, 541741, Tst2 is a regular sequence on N. Since x4

is regular on M, zsTs is regular on N.
Let aT}™ - --T;f;l € TN xs41Ts41. If ng = 0, then z5410 = 0 and hence
a=0. If ng > 0, then

1+m+nd71M ns—1 ns+1+~~~+nd71M

. nt Ns4 — n
a€xsM:zsp1Ngy" e =Tsq 050 Gy

Here we used (4). Hence aT}" ---T;*7" € 2, TsN.

Let aT}" -+ T30 € (25T, 541 Ts41)N 1 Tspo. I ng = ngy1 = 0, then x540a =0
and hence a = 0. If ng, > 0 and ns41 =0, then a € £, M : 2,42. Because of (3), we
have zsM : 2441 = xsM : x442. Hence

. ne Nsy1+-+ng_1 _ ng ns—1 Mst1F - +nd—1
a€xsM:zsp1Ngy" et M =zsq;" a5 a4 M,

that is, aT}" - - - T;f;l € xsTsN. If ng =0 and nsy1 > 0, then

. ng Negp1+-+ng— o ng Nep1+-+ng_1—1
a6x5+1M.x5+2ﬁqt’~~qs+1 1M*x8+1qt1'”qs+1 M

and hence aT}" - - - T;j’;l € xs41Ts11N. If ng, ngr1 > 0, then

. Nsp1t+na—
a € (l‘s; xs-l—l)M ‘Ts42 N Q?t o qs-ijil M

o n ng—1 Nst1t+-+ng—1
= (3337‘7334-1)qtt s As+1 M

_ ng ne—1 _Mst1+-+ng—1 ny Nsp1+-+ng_1—1
=Tsly - lsT syl M+ 519, 9557 M.

Therefore aT}" - T € (25Ts, xs41Ts41)N.
Thus we obtain

H gy5,(N)=0 forp<3.

The proof is completed. O

Corollary 4.5. Let A be a Noetherian local ring of dimension d > 2 and x1, ...,
Zq a p-standard system of parameters of type s for A. We put q; = (x;,...,2q)
foralll < i < s+ 1. Ifs <d—1 and (0):xq = 0, then the Rees algebra
R(q1-~qsq§;f71) is a Cohen-Macaulay ring. If, in addition, A/q: is Cohen-
Macaulay for some 1 < t < s+ 1, then R(qt---qsqgl;f_l) is a Cohen-Macaulay
ring.

Proof. In this case Propositions B3, BA, Theorem B.6] and Corollary [37 say that
Zi, ..., xq satisfies assumptions (1)—(5) of Theorem A4l Moreover (0):z; D
(0):z4 = 0. Thus we find that A[g171,...,9sTs, 9s+1Ls+1, - - -, Gs+1La—1] is Cohen-
Macaulay by using Theorem 4] Hyry’s theorem says that R(qq - - -qsqgl;‘f_l) is
Cohen-Macaulay.
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Assume that A/q; is Cohen-Macaulay. That is, 1, ... , x¢—1 is a regular sequence
on A/q;. We show that
(x1,...,2) g = (x1,...,x;) for1<i<t—1
by induction on 4. If ¢ = 0, then there exists nothing to prove. Assume that ¢ > 0
and let a € (z1,...,2;) :2q. If we put z4a = b+ x;c with b € (z1,...,2;_1), then
CE(X1y ey Tim1,Xd) T4
= (1‘1, ey Li—1, J)d).

Here we used Corollary B8 Let ¢ =¥ + zqga’ with ¥ € (z1,...,7;—1). Then
a—xid € (x1,...,i-1):xqa = (T1,...,Ti1)
because of the induction hypothesis. Therefore a € (x1,...,2;). Thus @, ..., x4
satisfies the assumptions of Theorem B4 on A = A/(x1,...,2¢—1). Therefore
Alqi ATy, . .., 4sATs, Qe 1ATo 1, -, 9511 AT 1]

is a Cohen-Macaulay ring and hence R(qy - - - qsqg;fflfl) is also. Corollary [3.8also
says that x1, ..., x;_1 is a regular sequence on A and on A/(q;- - - qsqg;ffl)” for
all n > 0. Taking Koszul cohomology of a short exact sequence

0— R(qr---qsqips ") — AT — ED(A/(ar -+ qsaliH™)T" — 0
n>0

with respect to x1, ..., ;_1, we obtain that
HP(x1,... 215 R(q¢ - "Clsq;i;f_l)) =0 forp<t—1
and
H'™ Moy, w0005 ) 2 Rlae - dad57 A).

That is, z1, ..., ¢;—1 is a regular sequence on R(q; - - - qsq‘stf*l) and

R(de - asq555 P A) 2 R(ae - 450555/ (@1, o) R(Ae - ds0555 ).
Therefore R(q - - - qsq(si;‘f_l) is a Cohen-Macaulay ring. O

Proof of Theorem [Tl Let A be a Noetherian local ring of dimension d > 0. First
we prove that (B) implies (A). Assume that A satisfies (B). If d = 1, then A
is Cohen-Macaulay because A has no embedded prime. Let a be a system of
parameters for A. Then R(aA) is a polynomial ring over A and hence Cohen-
Macaulay.

Assume that d > 2. Since A is unmixed, dim A/p = d for any associated prime p
of A. Thus s = dim A/a(A) < d — 1 because of Corollary 2:4] Theorem 2.5 assures
us that there exists a p-standard system of parameters x1, ... , xq of type s for A.
Since A is unmixed, x1, ... , 4 are non-zero divisors on A. Therefore Corollary .5l
gives an arithmetic Macaulayfication of A.

Next we show that (A) implies (B). Let b be an ideal in A of positive height such
that R = A[bT] is a Cohen-Macaulay ring. Then A is a homomorphic image of a
Cohen-Macaulay local ring R g+ r, and hence all the formal fibers of A are Cohen-
Macaulay. Next we show that A is unmixed. By passing through the completion,
we may assume that A is complete. Since b is of positive height, dim R = d + 1.
See [32, Corollary 1.6]. Let p1, ..., ps be the associated primes of A. Then

p; =pA[TINR wherei=1,...,s
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are the associated primes of R. Since R is a Cohen-Macaulay ring of dimension d+1,
dim R/p} = d+1 and hence dim A/p; = d; see [32] Corollary 1.6] again, for alli. O

To close this section, we give an example.

Example 4.6. Let k be a field, B an affine semigroup ring
kla,b,c,d,e?, e3, ade, bde, cde, d*e]

and n the homogeneous maximal ideal of B. Then A = B, is a Noetherian local
ring of dimension 5. The sequence z; = a*, x3 = b*, x5 =c*, v4 =d*, x5 =e* isa
p-standard system of parameter of type 3 for A. See [I7, Appendix B].

Let q; = (x4,...,2zq) for i =1, ..., 4. Then the proof of Corollary Al says that
the multi-Rees algebra A[q171, ..., q474] is a Cohen-Macaulay ring of dimension 9.
However, we can verify that it is a Cohen-Macaulay ring by using a computer [6].
Indeed the sequence x1, £111 + x2, x2T1 + 3, X215 + 23T + x4, T3To + 24T + T5,
x3Ts + x4To + w511, 4T3 + x5T%, x4Ty + w5713, 5Ty is a regular sequence on
AlgiTy, . .., q4Ty) of length 9.

5. THE PROOF OF COROLLARY [I.2
Before proving Corollary [[L2] we state the definition of the codimension function.

Definition 5.1. Let B be a Noetherian ring. An integer-valued function ¢t defined
on Spec B is said to be a codimension function of B if

htp1/p2 =tp(p1) —te(p2) whenever p1 D po.

A codimension function of B is not unique even if it exists. In fact, if t(p) is a
codimension function, then ¢(p)+c is also a codimension function for any constant c.
However, the codimension function is unique up to constant if Spec B is connected.

Proposition 5.2. (1) A catenary local ring has a codimension function.

(2) A catenary integral domain has a codimension function.

(3) A Cohen-Macaulay ring has a codimension function even if it is neither a
local ring nor an integral domain.

(4) If a Noetherian ring has a codimension function, then its homomorphic image
does also.

(5) If a Noetherian ring has a codimension function, then its localization does
also.

(6) A Noetherian ring possessing a dualizing complez has a codimension function.

Proof. Let B be a Noetherian ring.

(1) Let t(p) = —dim B/p. If B is a cantenary local ring, then ¢(p) is a codimen-
sion function of B.

(2) Let t(p) = dim B,,. If B is a catenary integral domain, then ¢(p) is a codi-
mension function of B.

(3) Let t(p) = dim By,. Then ¢(p) is the codimension function of B. See the proof
of 20l Theorem 17.4(ii)].

(4) and (5) Obvious.

(6) See [14, Chapter 5, §7]. O

A Noetherian ring is catenary if it has a codimension function. But the converse

is not necessarily true. Moreover the universally catenarity is independent of the
existence of a codimension function.
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Example 5.3. (1) Ogoma [24] §5 I] gave a Noetherian, universally catenary ring
with no codimension function.
(2) Nagata |21, Example 2] gave a two-dimensional local integral domain which
is not quasi-unmixed. It has a codimension function but is not universally
catenary.

If a Noetherian ring B is universally catenary and has a codimension function,
then the polynomial ring over B does also.

Theorem 5.4. Let B be a Noetherian, universally catenary ring and C' an es-
sentially of finite type B-algebra. If B has a codimension function, then C does
also.

Proof. We may assume that C is a polynomial ring over B. Let ¢p be a codimension
function. We put

tc(q) =tp(p) +htq/pC  where p=qn B

for each prime ideal q in C. Then t¢ is a codimension function of C. O
The following is the key lemma for the proof of Corollary [[.2

Lemma 5.5. Let B be a Noetherian, universally categnary ring which has a codi-
mension function. Then it is a homomorphic image of a finite type B-algebra C
such that the codimension function of C is a constant on the associated primes
of C. If, in addition, B is a local ring, then there exists a mazximal ideal n of C
such that B is a homomorphic image of C,.

Proof. Let tg be a codimension function of B and
0)=agnN---Ngs

the irredundant primary decomposition of (0) in B. We may assume that

sup{te(v/a:) |i=1,...,s} =0.
We put n = —inf{tp(\/q:) | i =1,...,s} and n; = —tg(,/q;) for all . Then

C = B[Tl,...,Tn]/ (@i ..., To,)BITy, ..., T,
i=1

has the required property. If B is a local ring with maximal ideal m, then n =
mC + (T1,...,T,)C has the required property. O

Proof of Corollary [L2. The only if part is obvious. We prove the if part. Let A
be a Noetherian, universally catenary local ring with maximal ideal m and assume
that all the formal fibers of A are Cohen-Macaulay. If dim A = 0, then A itself is
Cohen-Macaulay.

We assume that dim A > 0. By modifying the proof of [29, Theorem 5.7], we
find that all the formal fibers of an essentially of finite type A-algebra are Cohen-
Macaulay. By using this fact and Lemmal5.5, we may assume that dim A/p = dim A
for each associated prime p of A. It implies that A is unmixed because A is formally
catanary and all the formal fibers of A are Cohen-Macaulay. Theorem [[Tlsays that
there exists an arithmetic Macaulayfication R of A. Thus A is a homomorphic
image of a Cohen-Macaulay local ring Rmr+r, -

If A is excellent, then any essentially of finite type A-algebra is also. Therefore
we obtain the second assertion. O
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We should mention that Corollary is not true for non-local rings. Indeed,
all the formal fibers of all the localization of Ogoma’s example above are Cohen-
Macaulay. But it is not a homomorphic image of a Cohen-Macaulay ring because
it has no codimension function.

6. NON-LOCAL RINGS

First we prove Theorem Let B be a Noetherian ring with dualizing com-
plex D. Then there exists a codimension function ¢ of B such that

HP(Homp(B/p, D)y) =0 if p# t(p)
for each prime ideal p in B. The following lemma is an analogue of Proposition

and Corollary 24 We can prove them by using the local duality theorem. Here
ann M denotes the annihilator of a B-module M.

Lemma 6.1. Let M be a finitely generated B-module and p a prime ideal in B.
Assume that t(q) = 0 for all minimal prime q of M. Then M, is Cohen-Macaulay
if and only if p 2 [1;5¢ ann H7 (Hom(M, D)).

In particular, ifp 2 I, ann H’(Hom(M, D)), then t(p) > 0. Ift(q) = 0 for all
associated prime q of M, thenp 2 [];.,ann H’(Hom(M, D)) implies that t(p) > 2.

We start the proof of Theorem [T.3

Proof of Theorem [L.3l Let d = dim B and assume that ¢(q) = 0 for all associated
primes q of B. Then so = inf{t(p) | By is not Cohen-Macaulay} > 2. If s is an
integer such that d — sg < s < d — 1, then there exist elements z1, ..., z4 in B
satisfying the following conditions:

(1) if p is a minimal prime of B/(z;,...,zq)B, then t(p) =d — i+ 1;

(2) Ts41, -, Tq € Hj,>0 ann H?(D);

(3) @i € [[;54_;ann H? (Hom(B/(zit1, ..., 7a), D)) for i <s.
We note that (1) implies (0):2z4 = 0. Let q; = (z4,...,24) for 1 <i < s+ 1 and
R=R(q:---9:9577 ).

We show that R, is Cohen-Macaulay for all prime ideal p in B. If gq - - - qg;f_l Z
p, then ]_[j>0 ann HY(D) € p. Therefore R, is a polynomial ring over a Cohen-
Macaulay ring B,.

Assume that g ~-~q§;f71 Cp. Then x4, ..., zq € p and z;—1 ¢ p for some
1 <t <s+1, where we put 29 = 1. Taking localization of (1)—(3), we find that

(1) dim By/(x¢,...,xq) =dim By, — (d —t + 1);

(2) Tsgly -+, Td € a(BP);

(3) z; € a(Bp/(xit1,...,2q)) for t <i < s+1;

(4) a(Bp/(xt,...,xq)) = By if t > 1.

Hence x4, ..., x4 is a subsystem of a p-standard system of parameters for B, and
By/(xt,...,zq) is Cohen-Macaulay if t > 1. We find that R, = R(q; - - qf;f_pr)
is Cohen-Macaulay by using Corollary B35, O

Now Corollary [[L4] becomes trivial.

Proof of Corollary [L4l. Let B be a Noetherian ring with dualizing complex. We
may assume that the codimension function of B is a constant on the associated
primes of B because of [23] Theorem 3.5]. Then B has an arithmetic Macaulay-
fication R. Since R also has a dualizing complex and is Cohen-Macaulay, R is
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a homomorphic image of a finite-dimensional Gorenstein ring. See [25] and [30]
Theorem 4.3]. Therefore B is also. O
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